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Abstract
We consider nonautonomous equations v′ = A(t)v in a Banach space that exhibit stable and unstable
behaviors with respect to arbitrary growth rates ecρ(t) for some function ρ(t). This corresponds to the
existence of a “generalized” exponential dichotomy, which is known to be robust. When ρ(t) = t this
behavior can be described as a type of parabolic dynamics. We consider the general case of nonuniform
exponential dichotomies, for which the Lyapunov stability is not uniform. We show that for any sufficiently
small perturbation f of a “generalized” exponential dichotomy there is a stable invariant manifold for the
perturbed equation v′ = A(t)v+f (t, v). We also consider the case of exponential contractions, which allow
a simpler treatment, and we show that they persist under sufficiently small nonlinear perturbations.
© 2009 Elsevier Inc. All rights reserved.
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1. Introduction
We consider linear equations
v′ = A(t)v (1)
in a Banach space, which exhibit stable and unstable behaviors with respect to growth rates
of the form ecρ(t) for an arbitrary function ρ(t). This corresponds to the existence of what we
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Lyapunov exponents zero or all Lyapunov exponents infinite, of course besides the usual case
when ρ(t) = t . In such a situation, one is not able, at least without further modifications, to apply
the existing stability theory, using for example Lyapunov’s so-called regularity theory (see for
example [1] for details), which can only be applied successfully when all Lyapunov exponents
are finite. On the other hand, we show in [3] that for ρ in a large class of rate functions, any
linear equation as in (1) in a finite-dimensional space, and with two blocks with asymptotic
rates ecρ(t) respectively with c negative and positive, has a ρ-nonuniform exponential dichotomy.
Moreover, we show in [5] that a ρ-nonuniform exponential dichotomy is robust under sufficiently
small linear perturbations. This shows that there are plenty exponential dichotomies with the
generalized behavior given by a function ρ. Therefore, it is of interest to develop a corresponding
theory.
Our main aim is to show that the exponential behavior exhibited by a linear nonuniform expo-
nential dichotomy persists under sufficiently small nonlinear perturbations. Namely, we establish
the existence of stable invariant manifolds for the equation
v′ = A(t)v + f (t, v), (2)
provided that there are constants c, q > 0 with q sufficiently large such that
∥∥f (t, u) − f (t, v)∥∥ c‖u − v‖(‖u‖q + ‖v‖q). (3)
We also consider the case of exponential contractions, which allow a simpler treatment, and we
show that they persist under sufficiently small nonlinear perturbations. We first consider con-
tractions, and then dichotomies with an elaboration of the proof for contractions. The strategy
of proof is essentially based on work in [2], although that paper does not consider exponential
contractions.
In the theory of differential equations, the notion of exponential dichotomy plays a central role
in the study of invariant manifolds. In particular, the existence of an exponential dichotomy for
Eq. (1) ensures the existence of stable and unstable invariant manifolds under sufficiently small
nonlinear perturbations. The theory of exponential dichotomies and its applications are widely
developed. Moreover, there exist large classes of linear equations with exponential dichotomies.
We refer to the books [6–9,15] for details and further references. On the other hand, the notion
of exponential dichotomy is too stringent for the dynamics and it is of interest to look for more
general types of hyperbolic behavior. It is in this context that we consider the more general
notion of nonuniform exponential dichotomy. Our work can also be considered a contribution to
the theory of nonuniformly hyperbolic dynamics. We refer to [1] for an introduction to the theory,
which goes back to the works of Oseledets [11] and Pesin [12,13]. Invariant manifolds were first
obtained for nonuniformly hyperbolic trajectories by Pesin in [12]. The first related results in
Hilbert spaces were established by Ruelle in [14]. The case of transformations in Banach spaces
under some compactness assumptions was considered by Mañé in [10].
2. Stability of exponential contractions
Let X be a Banach space and let A : R+0 → B(X) be a continuous function, where B(X) is
the set of bounded linear operators in X. We consider the linear equation (1). Given an increasing
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lim
t→+∞
log t
ρ(t)
= 0, (4)
we say that Eq. (1) admits a ρ-nonuniform exponential contraction if there exist constants λ < 0,
a  0 and D  1 such that for every t  s  0 we have
∥∥T (t, s)∥∥Deλ(ρ(t)−ρ(s))+aρ(s), (5)
where T (t, s) is the linear evolution operator associated to Eq. (1). Let also f :R+0 ×X → X be
a continuous function with f (t,0) = 0 for every t  0. We consider the nonlinear equation (2),
and we study the persistence of the stability of an exponential contraction.
Let B(δ) ⊂ X be the open ball of radius δ centered at zero, and set
α = (1 + 2/q)a. (6)
Theorem 1. Assume that Eq. (1) admits a ρ-nonuniform exponential contraction, and that there
exist constants c, q > 0 such that (3) holds for every t  0 and u,v ∈ X, with
qλ + a < 0.
Then for any D′ > D and any sufficiently small δ > 0, provided that s  0 is sufficiently large,
each solution of Eq. (2) with v(s) = ξ ∈ B(δe−αρ(s)) satisfies
∥∥v(t)∥∥D′eλ(ρ(t)−ρ(s))+aρ(s)‖ξ‖, t  s.
Proof. We consider the space
B = {v : [s,+∞) → X: v is continuous and ‖v‖′  δe−αρ(s)},
with the norm
‖v‖′ = 1
2D
sup
{∥∥v(t)∥∥e−λ(ρ(t)−ρ(s))−aρ(s): t  s}.
We can easily verify that B is a complete metric space. Set
(Jv)(t) = T (t, s)ξ +
t∫
s
U(t, τ )f
(
τ, v(τ )
)
dτ
for each v ∈ B and t  s. Clearly, Jv is continuous and (Jv)(s) = ξ .
By the assumptions in the theorem, for each v,w ∈ B and τ  s we have
∥∥f (τ, v(τ ))− f (τ,w(τ))∥∥ c∥∥v(τ) − w(τ)∥∥(∥∥v(τ)∥∥q + ∥∥w(τ)∥∥q)
 c2q+2δqD1+qeλ(q+1)(ρ(τ)−ρ(s))+a(q+1)ρ(s)−αqρ(s)‖v − w‖′.
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∥∥(Jv)(t) − (Jw)(t)∥∥
t∫
s
∥∥T (t, τ )∥∥ · ∥∥f (τ, v(τ ))− f (τ,w(τ))∥∥dτ
 c2q+2δqD2+qeλ(ρ(t)−ρ(s))‖v − w‖′
t∫
s
e(qλ+a)(ρ(τ)−ρ(s)) dτ. (7)
It follows from (4) that ρ(t) → +∞ as t → +∞, and thus tρ′(t) → +∞ as t → +∞. Therefore,
for each c > 0 there exists t0 > 0 such that tρ′(t) > c for every t > t0. For s > t0 we obtain
c
t∫
s
e(qλ+a)(ρ(τ)−ρ(s)) dτ 
t∫
s
τρ′(τ )e(qλ+a)(ρ(τ)−ρ(s)) dτ
 τe
(qλ+a)(ρ(τ)−ρ(s))
qλ + a
∣∣∣∣
∞
s
− 1
qλ + a
t∫
s
e(qλ+a)(ρ(τ)−ρ(s)) dτ,
since qλ + a < 0. By (4) we have
log
(
τe(qλ+a)ρ(τ)
)= log τ + (qλ + a)ρ(τ)
= ρ(τ)
(
log τ
ρ(τ)
+ qλ + a
)
→ −∞
as τ → +∞, and thus,
(
c + 1
qλ + a
) t∫
s
e(qλ+a)(ρ(τ)−ρ(s)) dτ  s|qλ + a| .
Taking c sufficiently large, we have
t∫
s
e(qλ+a)(ρ(τ)−ρ(s)) dτ  s. (8)
By (7), setting K = supst0(se−aρ(s)) < +∞, we obtain
∥∥(Jv)(t) − (Jw)(t)∥∥ c2q+2δqD2+qK|qλ + a| eλ(ρ(t)−ρ(s))+aρ(s)‖v − w‖′,
and thus,
‖Jv − Jw‖′  θ‖v − w‖′, (9)
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θ = c2q+1δqD1+qK/|qλ + a|.
Taking δ sufficiently small so that θ < 1/2, the operator J becomes a contraction. Furthermore,
by (9) and (5),
‖Jv‖′  ‖J0‖′ + θ‖v‖′  1
2
‖ξ‖ + θ‖v‖′
 1
2
δe−αρ(s) + 1
2
δe−αρ(s) = δe−αρ(s), (10)
and J (B) ⊂ B. Therefore, there exists a unique function v ∈ B such that Jv = v. It follows
from (10) that ‖v‖′  ‖ξ‖/(2(1 − θ)). This completes the proof of the theorem. 
3. Stable invariant manifolds
We establish in this section the existence of stable invariant manifolds under sufficiently small
perturbations of nonuniform exponential dichotomies.
We first introduce the notion of exponential dichotomy. We say that Eq. (1) admits a ρ-non-
uniform exponential dichotomy if there exist projections P(t) for t  0 satisfying
P(t)T (t, s) = T (t, s)P (s), t, s  0,
and there exist constants
λ < 0 μ, a  0 and D  1
such that for every t  s  0 we have
∥∥T (t, s)P (s)∥∥Deλ(ρ(t)−ρ(s))+aρ(s),∥∥T (t, s)−1Q(t)∥∥De−μ(ρ(t)−ρ(s))+aρ(t), (11)
where Q(t) = Id−P(t). For each t  0 we consider the linear subspaces
E(t) = P(t)(X) and F(t) = Q(t)(X).
Now we assume that Eq. (1) admits a ρ-nonuniform exponential dichotomy. For each t  0,
let Bt(δ) ⊂ E(t) be the open ball of radius δ centered at zero, and set
β = a(1 + 3/q). (12)
We consider the set
Zβ = Zβ(δ) =
{
(s, ξ): s  0, ξ ∈ Bs
(
δe−βρ(s)
)}
,
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we have φ(s,0) = 0, φ(s, ξ) ∈ F(s), and
∥∥φ(s, ξ) − φ(s, ξ¯ )∥∥ ‖ξ − ξ¯‖
for every ξ, ξ¯ ∈ e−βρ(s). With the norm
‖φ‖ = sup{∥∥φ(s, ξ)∥∥/‖ξ‖: s  0 and ξ ∈ Bs(δe−βρ(s)) \ {0}},
Xβ becomes a complete metric space. Given φ ∈ Xβ we consider its graph
W = {(s, ξ,φ(s, ξ)): (s, ξ) ∈ Zβ}. (13)
For each (s, ξ, η) ∈R+0 × E(s) × F(s) we also consider the semiflow
Ψτ (s, ξ, η) =
(
s + τ, x(s + τ), y(s + τ)), τ  0,
where
x(t) = T (t, s)ξ +
t∫
s
T (t, τ )P (τ)f
(
τ, x(τ ), y(τ )
)
dτ,
y(t) = T (t, s)η +
t∫
s
T (t, τ )Q(τ)f
(
τ, x(τ ), y(τ )
)
dτ.
The following is our stable manifold theorem.
Theorem 2. Assume that Eq. (1) admits a ρ-nonuniform exponential dichotomy, and that there
exist constants c, q > 0 such that (3) holds for every t  0 and u,v ∈ X, with
qλ + a < 0 and λ + a < μ.
Then there exist δ,R,D′ > 0, and a unique function φ ∈ Xβ such that:
1. the set W is forward invariant under the semiflow Ψτ , that is,
Ψτ
(
s, ξ,φ(s, ξ)
) ∈ W whenever (s, ξ) ∈ Zβ+a(δ/R);
2. for every s  0, ξ, ξ¯ ∈ Bs(δe−(β+a)ρ(s)), and τ  0 we have
∥∥Ψτ (s, ξ,φ(s, ξ))− Ψτ (s, ξ¯ , φ(s, ξ¯ ))∥∥D′eλ(ρ(τ)−ρ(s))+aρ(s)‖ξ − ξ¯‖.
Proof. We consider the space X of continuous functions φ : Z → X, where
Z = {(s, ξ): s  0, ξ ∈ E(s)},
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φ(s, ξ) = φ(s, δe−βρ(s)ξ/‖ξ‖)
whenever ξ /∈ Bs(δe−βρ(s)). We note that there is a one-to-one correspondence between functions
in Xβ and X. In particular, X is a Banach space with the norm X 
 φ → ‖φ|Zβ‖. Moreover, for
each φ ∈ X and s  0 we have (see Lemma 4.3 in [4])
∥∥φ(s, x) − φ(s, y)∥∥ 2‖x − y‖ for every x, y ∈ E(s). (14)
Now we prove some auxiliary results.
Lemma 1. There exists R > 0 such that for every δ > 0 sufficiently small:
1. for each φ ∈ X, given (s, ξ) ∈ Zβ there is a unique continuous function x = xφ : [s,+∞) ×
Bs(δe
−βρ(s)) → X such that for every t  s,
x(t) = T (t, s)ξ +
t∫
s
T (t, τ )P (τ)f
(
τ, x(τ, ξ),φ
(
τ, x(τ, ξ)
))
dτ ; (15)
2.
∥∥xφ(t, ξ)∥∥Reλ(ρ(t)−ρ(s))+aρ(s)‖ξ‖, t  s.
Proof. This is an elaboration of the proof of Theorem 1. We consider the space Bs of continuous
functions
x : [s,+∞) × Bs
(
δe−βρ(s)
)→ X
such that ‖x‖′  δe−βρ(s), with the norm
‖x‖′ = 1
2D
sup
{∥∥x(t, ξ)∥∥e−λ(ρ(t)−ρ(s))−aρ(s): t  s, (s, ξ) ∈ Zβ(δ)}.
We can easily verify that Bs is a complete metric space. We define an operator Js by
(Jsx)(t, ξ) = U(t, s)ξ +
t∫
s
U(t, τ )f
(
τ, x(τ, ξ),φ
(
τ, x(τ, ξ)
))
dτ
for each x ∈ Bs . Clearly, Jsx is continuous, and (Jsx)(s, ξ) = ξ . By the assumptions in the
theorem, for each x, y ∈ Bs , φ ∈ X, and τ  s we have
∥∥f (τ, x(τ, ξ),φ(τ, x(τ, ξ)))− f (τ, y(τ, ξ),φ(τ, y(τ, ξ)))∥∥
 2c6q+1δqD1+qeλ(q+1)(ρ(τ)−ρ(s))+a(q+1)ρ(s)−βqρ(s)‖x − y‖′.
Therefore, proceeding as in the proof of Theorem 1 (see also (8)) we obtain
∥∥(Jsx) − (Jsy)∥∥′  θ‖x − y‖′, (16)
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θ = 2c6q+1δqD2+qK/|qλ + a|,
and K = supst0(se−aρ(s)). Taking δ sufficiently small so that θ < 1/2, the operator Js becomes
a contraction. Moreover, by (16) and (11), proceeding again as in the proof of Theorem 1 we
obtain
‖Jsx‖′  δe−βρ(s), that is, Js(Bs) ⊂ Bs ,
and the unique fixed point of Js satisfies ‖x‖′  ‖ξ‖/(2(1 − θ)). 
Lemma 2. There exists K ′ > 0 such that for every δ > 0 sufficiently small, φ,ψ ∈ X, s  0
sufficiently large, ξ, ξ¯ ∈ Bs(δe−βρ(s)), and t  s we have
∥∥xφ(t, ξ) − xφ(t, ξ¯ )∥∥+ ∥∥xφ(t, ξ) − xψ(t, ξ)∥∥
K ′eλ(ρ(t)−ρ(s))+aρ(s)
(‖ξ − ξ¯‖ + ‖ξ‖ · ‖φ − ψ‖). (17)
Proof. For every τ  s, setting
η = 2c3q+1Rqδq, (18)
and using the definition of β in (12) and Lemma 1, we have
∥∥f (τ, xφ(τ, ξ),φ(τ, xφ(τ, ξ)))− f (τ, xφ(τ, ξ¯ ), φ(τ, xφ(τ, ξ¯ )))∥∥
 ηe−3aρ(s)eqλ(ρ(t)−ρ(s))
∥∥xφ(τ, ξ) − xφ(τ, ξ¯ )∥∥, (19)
and
∥∥f (τ, xφ(τ, ξ),φ(τ, xφ(τ, ξ)))− f (τ, xψ(τ, ξ),ψ(τ, xψ(τ, ξ)))∥∥
 ηe−3aρ(s)eqλ(ρ(t)−ρ(s))
(∥∥xφ(τ, ξ)∥∥ · ‖φ − ψ‖ + 3∥∥xφ(τ, ξ) − xψ(τ, ξ)∥∥). (20)
Setting
γ (t) = ∥∥xφ(τ, ξ) − xφ(τ, ξ¯ )∥∥+ ∥∥xφ(τ, ξ) − xψ(τ, ξ)∥∥,
we obtain
γ (t)
∥∥U(t, s)∥∥ · ‖ξ − ξ¯‖ + 3ηe−3aρ(s)
t∫
s
∥∥U(t, τ )∥∥eqλ(ρ(τ)−ρ(s))γ (τ ) dτ
+ ηe−3aρ(s)
t∫
s
∥∥U(t, τ )∥∥eqλ(ρ(τ)−ρ(s))∥∥xφ(τ)∥∥ · ‖φ − ψ‖dτ,
where U(t, s) = T (t, s)P (s). Using (11) we conclude that
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+ 3Dηe−2aρ(s)
t∫
s
e(qλ+a)(ρ(τ)−ρ(s))e−λ(ρ(τ)−ρ(s))γ (τ ) dτ
+ ηDRe−aρ(s)‖ξ‖ · ‖φ − ψ‖
t∫
s
e(qλ+a)(ρ(τ)−ρ(s)) dτ.
It was shown in the proof of Theorem 1 that there exists t0 > 0 such that (8) holds for any t > t0.
Therefore, for s > t0 we have
e−λ(ρ(t)−ρ(s))γ (t)Deaρ(s)‖ξ − ξ¯‖ + ηDRK‖ξ‖ · ‖φ − ψ‖
+ 3Dηe−2aρ(s)
t∫
s
e(qλ+a)(ρ(τ)−ρ(s))e−λ(ρ(τ)−ρ(s))γ (τ ) dτ.
Applying Gronwall’s lemma to the function e−λ(ρ(t)−ρ(s))γ (t), we obtain
γ (t)K ′eλ(ρ(t)−ρ(s))+aρ(s)
(‖ξ − ξ¯‖ + ‖ξ‖ · ‖φ − ψ‖),
for some constant K ′ > 0. 
The next step is to show the existence of a function φ ∈ X satisfying
φ
(
t, x(t)
)= T (t, s)φ(s, x(s))+
t∫
s
T (t, τ )Q(τ)f
(
τ, x(τ ),φ
(
τ, x(τ )
))
dτ (21)
with x = xφ . First we transform this problem into an equivalent one.
Lemma 3. Given δ > 0 sufficiently small, s  0 sufficiently large, and φ ∈ X the following prop-
erties hold:
1. if (21) holds for every (s, ξ) ∈ Zβ and t  s, then
φ(s, ξ) = −
∞∫
s
T (τ, s)−1Q(τ)f
(
τ, xφ(τ ),φ
(
τ, xφ(τ )
))
dτ (22)
for every (s, ξ) ∈ Zβ ;
2. if (22) holds for every (s, ξ) ∈ Zβ , then (21) holds for every (s, ξ) ∈ Zβ+a(δ/R) and t  s.
Proof. By Lemma 1 we have
∥∥f (τ, xφ(τ, ξ),φ(τ, xφ(τ, ξ)))∥∥ c3q+1∥∥xφ(τ, ξ)∥∥q+1
 c3q+1Rq+1e(q+1)λ(ρ(τ)−ρ(s))+qaρ(s)‖ξ‖q+1,
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∞∫
s
∥∥T (τ, s)−1Q(τ)f (τ, xφ(τ, ξ),φ(τ, xφ(τ, ξ)))∥∥dτ
 c3q+1DRq+1‖ξ‖q+1e(q+1)aρ(s)
∞∫
s
e((q+1)λ−μ+a)(ρ(τ)−ρ(s)) dτ.
Since (q + 1)λ − μ + a < 0, arguing as in the proof of Theorem 1 (see (8)) we find that the
integral is well defined.
Now we assume that (21) holds for every (s, ξ) ∈ Zβ and t  s. This is equivalent to
φ(s, ξ) = V (t, s)−1φ(t, xφ(t, ξ))
−
t∫
s
V (τ, s)−1f
(
τ, xφ(τ, ξ),φ
(
τ, xφ(τ, ξ)
))
dτ, (23)
where V (t, s) = T (t, s)Q(s). Since
∥∥V (t, s)−1φ(t, xφ(t, ξ))∥∥ 2DR‖ξ‖e2aρ(s)e(λ−μ+b)(ρ(t)−ρ(s)),
letting t → +∞ in (23) we conclude that (22) holds for every (s, ξ) ∈ Zβ and t  s. The second
property follows by repeating arguments in the proof of Lemma 4.7 in [4]. 
Lemma 4. Given δ > 0 sufficiently small, there is a unique function φ ∈ X such that (22) holds
for every (s, ξ) ∈ Zβ .
Proof. We consider the operator Φ defined for each φ ∈ X by
(Φφ)(s, ξ) = −
∞∫
s
V (τ, s)−1f
(
τ, xφ(τ, ξ),φ
(
τ, xφ
(
τ, x(τ, ξ)
)))
dτ
when (s, ξ) ∈ Zβ , and by
(Φφ)(s, ξ) = (Φφ)(s, δe−βρ(s)ξ/‖ξ‖)
otherwise. When ξ = 0 we have xφ(t, ξ) = 0, and hence (Φφ)(t,0) = 0. By (19) and Lemmas 1
and 2 we obtain
a(τ) := ∥∥f (τ, xφ(τ, ξ),φ(τ, xφ(τ, ξ)))− f (τ, xφ(τ, ξ¯ ), φ(τ, xφ(τ, ξ¯ )))∥∥
 ηK ′e−2aρ(s)e(q+1)λ(ρ(τ)−ρ(s))‖ξ − ξ¯‖,
and using (11),
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∞∫
s
∥∥V (τ, s)−1∥∥a(τ) dτ
 ηK ′e−aρ(s)‖ξ − ξ¯‖
∞∫
s
e((q+1)λ−μ+a)(ρ(τ)−ρ(s)) dτ.
Since (q + 1)λ − μ + a < 0, arguing as in the proof of Theorem 1 (see (8)) we find that there
exists t0 > 0 such that
∞∫
s
e((q+1)λ−μ+a)(ρ(τ)−ρ(s)) dτ  s
for every s  t0. Hence, we obtain
∥∥(Φφ)(s, ξ) − (Φφ)(s, ξ¯ )∥∥ ηK ′K‖ξ − ξ¯‖
whenever (s, ξ), (s, ξ¯ ) ∈ Zβ , and proceeding as in the proof of Lemma 4.3 in [4] yields
∥∥(Φφ)(s, ξ) − (Φφ)(s, ξ¯ )∥∥ 2ηK ′K‖ξ − ξ¯‖
for arbitrary ξ and ξ¯ . Therefore, taking δ sufficiently small (see (18)) the operator Φ : X → X is
well defined.
On the other hand, by (20) and Lemmas 1 and 2 we have
b(τ) := ∥∥f (τ, xφ(τ, ξ),φ(τ, xφ(τ, ξ)))− f (τ, xψ(τ, ξ),ψ(τ, xψ(τ, ξ)))∥∥
 η(R + 3K ′)e−2aρ(s)e(q+1)λ(ρ(τ)−ρ(s))‖ξ‖ · ‖φ − ψ‖,
and using (11),
∥∥(Φφ)(s, ξ) − (Φψ)(s, ξ)∥∥
∞∫
s
∥∥V (τ, s)−1∥∥b(τ) dτ
 η(R + 3K ′)e−2aρ(s)‖ξ‖‖φ − ψ‖
∞∫
s
e((q+1)λ−μ+a)(ρ(τ)−ρ(s)) dτ.
This implies that
‖Φφ − Φψ‖ η(R + 3K ′)K ′′‖φ − ψ‖
for some constant K ′′ > 0. Taking δ sufficiently small (see (18)) the operator Φ : X → X be-
comes a contraction. 
We proceed with the proof of the theorem. By Lemma 1, for each φ ∈ X there is a unique
function x = xφ satisfying (15), and thus it remains to solve (21) for φ setting x = xφ . This is
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Lemma 3, for every (s, ξ) ∈ Zβ+a(δ/R) we have
∥∥xφ(t)∥∥Reλ(ρ(t)−ρ(s))+aρ(s)‖ξ‖ δe−βρ(s), (24)
and (t, xφ(t)) ∈ Zβ for every t  s. Thus, there exists a unique function φ ∈ X such that the
graph set W in (13) obtained from φ|Zβ is invariant under the semiflow Ψτ for initial conditions
(s, ξ) ∈ Zβ+a(δ/R).
Finally, it follows from (17) and (14) that for every t  s,
∥∥Ψt−s(s, ξ,φ(s, ξ))− Ψt−s(s, ξ¯ , φ(s, ξ¯ ))∥∥ 3∥∥xφ(t, ξ) − xφ(t, ξ¯ )∥∥
 3K ′eλ(ρ(t)−ρ(s))+aρ(s)‖ξ − ξ¯‖. (25)
For each ξ, ξ¯ ∈ Bs(δe−(β+a)ρ(s)), in view of (24) we can replace the function φ ∈ X in (25) by
its restriction to Zβ . This completes the proof. 
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